A linear polarization field on a surface is expressed in terms of scalar functions, providing an invariant separation into two components; one of these is the B mode, important as a signature of primordial gravitational waves, which would lend support to the inflation hypothesis. The case of a plane already exhibits the key ideas, including the formal analogy with a vector field decomposed into gradient plus curl, with the B mode like the latter. The formalism is generalized to a spherical surface using cartesian coordinates. Analysis of global data provides a path to vector and tensor spherical harmonics.
1. Introduction
Physical context
The isotropic black-body Cosmic Microwave Background (CMB) [1, 2, 3] indicates a dense and hot early universe and launched modern big-bang cosmology. With a dipole angular dependence [4, 5] due to observer motion (v/c ∼ 10 −3 ) removed, the remaining anisotropies are at the ∼10 −4 level [6] even across widely separated directions, thus prompting the inflation hypothesis [7, 8] . Better data [9] have enabled precision cosmology. Recent attention has turned to polarization [10] , conventionally separated into the so-called E and B modes, at relative levels of ∼10 −6 and ∼10 −7 . The CMB E modes, with sharper acoustic peaks, provide additional constraints on the standard Lambda cold dark matter (ΛCDM) model parameters and help to determine the optical depth to re-ionization.
The tiny B mode is important in cosmology: to first order it cannot be produced by scalar (e.g., density) perturbations, but only by tensor perturbations [11, 12] , i.e., strong gravitational waves. Thus a cosmological B mode would support the inflation hypothesis. However, detected signals so far [13] are not above foreground contamination [14, 15] (including lensing from E modes). Many further experiments are in progress [16] to pin down the cosmological B mode. Setting aside the enormous observational challenges (e.g., instrumental, low signal-to-noise, foreground contamination), there is a key conceptual question that deserves to be better understood by a wider community: How is the B mode defined and hence extracted from the polarization data?
The E and B modes are heuristically likened to a gradient and a curl, or TE/ TM modes. Typical statements refer to "a twisting pattern, or spin, known as a curl or B-mode" [17] ; or to "the curl component (B mode)" [18] ; or to components having respectively "vanishing curl" and "vanishing divergence" [19] . If interpreted naively, these statements are misleading -the usual conception of gradient and curl does not apply to polarization. This paper explains the decomposition of the polarization field in an elementary way. By avoiding the apparatus of curved manifolds (celestial sphere) and in particular emphasizing the case of a plane, the account should be accessible to a wide audience.
Polarization
Consider a wave propagating along +z, with electric field components E j , j = 1, 2, in the usual complex notation. Quadratic averages S ij = Av (E * i E j ) form a 2 × 2 Hermitian matrix with S 11 = I + Q, S 22 = I − Q, S 12 = S * 21 = U + iV . Of the four Stokes parameters [20] , the overall intensity I is considered separately. In CMB, V is usually ignored, because primordial circular polarization is not expected in standard models [21, 22] ; with few exceptions that place upper limits [23, 24] , V is assumed to be zero as a systematic check [22] . With I, V removed, polarization is described by the symmetric traceless tensor
All the information in P is contained in its first column P = (P 1 , P 2 ) T = (Q, U) T , to be called a doublet. The linear polarization of magnitude |P| is along the direction χ, with tan 2χ = U/Q. Upon rotation by an angle α, Q ± iU gain a factor e ±2iα , i.e., they transform as spin ±2.
The central issue
Polarization P, a rank-2 tensor, cannot be "similar to" a vector V, for which one speaks of gradient and curl. A vector field (arrows) returns to itself upon rotation by 2π. A linear polarization field (unsigned line segments) returns to itself upon rotation by π. There is no polarization analogue to V · dr.
If a scalar field varies along k, then a vector field that is a gradient (curl) makes an angle nπ/2 with k, with n even (odd). However, E (B) mode polarization makes an angle of nπ/4 with k, with n even (odd).
Thus a factor of 2 appears in the rank of the tensor, the phase under rotations and the angle relative to k -all for the same reason. To avoid the strained analogy, henceforth the two components will be simply called the A and B modes and denoted with superscripts a and b . The mathematical formalism in the literature [11, 19] that supports the heuristic analogy is typically bundled with additional elements. First, reference to inflation [18] is not needed, just as an electric field can be decomposed into a gradient plus a curl without reference to Maxwell's equations. The complications of a sphere [19] can be avoided by (first) considering a plane, useful for narrow-field observations [25] or as a stepping stone to a sphere. A global harmonic analysis [19] is also not strictly necessary: the separation can in principle be implemented locally. This paper strips away these complications to provide a simple account of the separation of a linear polarization field into two components, for access by a wider audience.
Overview
The paper is structured so that readers can stop at various points depending on the level of technical detail desired. The formalism is first developed for the xy plane using the polar representation (Section 2.1): a vector field is expressed as (∂ 1 + i∂ 2 ) and a polarization field as (∂ 1 + i∂ 2 ) 2 acting on scalar fields, with equations (2) and (6) exhibiting the analogy. As far as concepts are concerned, this is the end of the story.
The formalism, rewritten in cartesian coordinates (Sect. 2.2), is ported first to a plane with unit normaln (Sect. 2.3) and then, uponn → r, to a small part of a unit sphere (Sect. 3). The resultant formalism, involving the angular momentum L rather than ∇, applies "classically", i.e., if commutators are ignored, valid for mode number ℓ ≫ 1. The proper ordering of operators yields lower-order corrections in L. Global analysis (Sect. 4) leads to vector and tensor spherical harmonics, and provides a tool for disentangling different contributions to each polarization component.
Formalism for a plane
The objective is to express either a vector field V or a polarization field P on a surface as derivatives of two scalar fields. T on the xy plane (say in the domain 0 ≤ x ≤ L x , 0 ≤ y ≤ L y with periodic boundary conditions), we seek a representation (the only form consistent with the angular momentum structure)
in terms of real scalar functions Φ a,b . Henceforth only one of the conjugate equations will be shown. To prove such a representation, consider
Since (∂ 1 − i∂ 2 ) has −1 unit of angular momentum, ϕ a,b are scalars. The key identity
leads to
Thus, given V, first finds (locally) ϕ a,b by (3); then invert the laplacian to give Φ a,b . With global data, the inversion is unique, proved by expanding in the eigenfunctions of ∇ 
Tensor case.
Since Q ± iU have ±2 units of angular momentum, the analogous representation must take the form
involving a second-order operator. Define
Using the square of the identity (4), we find
where K and its eigenvalue N K (for plane waves with wave number k) are
The algorithm is the same: use (7) to obtain (locally) ϕ a,b and invert K to obtain Φ a,b . Thus polarization on a plane is expressible in terms of two scalars, which importantly do not depend on the coordinate choice [11] , in a manner analogous to the case of vector fields; as immediately shown in (11), the latter is the same as a gradient plus a curl. 
i.e., as a gradient plus a curl, where
in whichn =ê z is the unit normal to the plane. Duals can equivalently be defined bỹ
This latter definition for duals also applies to doublets and tensors. The key identity (4) is equivalent to
The orthogonality relation allows different components to be projected out. The definition of ϕ a,b in (3) becomes
It can now be proved more formally that ϕ a,b have no projection on the null space S of ∇ 2 ⊥ . Consider F ∈ S and define inner products in the usual way; then, e.g.,
But (∇ ⊥ F, ∇ ⊥ F ) = (F, −∇ 2 ⊥ F ) = 0. This proof generalizes to tensors, and to the case of a sphere (for which ϕ a,b must have no projection on ℓ = 0, 1).
Write the second-order differential operator as
and its dualD = ED. Denote the two columns of
T . The second-order analog to (14) is
where I is the identity,Ĩ = EI = E. Only a weaker version of (18) is needed:
The first-and second-order operators are related by
where a ⊗ b has matrix elements a i b j . Then (6) becomes
To prove this entirely using cartesian components, note that in analogy to (7) and (8),
in which (19) has been used. All other steps are obvious. In analogy to (16) , ϕ a,b have no projection on the null space of K.
Porting to another plane
To port the formalism to any plane with a unit normaln, remove explicit reference to ∇ ⊥ by adopting the equivalent definition (referring to ∇ but not to
All other formulas remain the same. However, V, d andd should now be regarded not as 2-vectors defined on a plane, but as 3-vectors satisfying a tangential condition:
3. Formalism for a sphere
Mapping the differential operator
A small part of the surface of a unit sphere can be regarded as a plane with normal n = r. Then using (23), we have, in terms of the angular momentum L ( = 1):
Vector field
The planar formula (10) applies, but with d andd replaced as above. The orthogonality relations are
Only some key steps in transcribing the formalism will be sketched; the rest is obvious. For example, (10) becomes, upon the replacement (24),
Define
Inversion of L 2 then gives Φ a,b . The inversion depends on ϕ a,b having zero projection on the null space of L 2 , proved in a manner similar to (16).
Polarization field
Equation (21) applies with the replacement (24) , so that (absorbing some signs):
The symbol ≈ indicates that problems arising out of the ordering of operators are ignored (see below). The orthogonality relation (19) again holds, except that K and its eigenvalue are now given by
Everything in the planar case can be repeated with the replacement of K.
The results indicated with ≈ are not exact: the order of the operators leads to ambiguities proportional to the commutators. Schematically [L, L] = i L, so corrections are "quantum" and lower-order in ℓ. In practice, many experiments targeting the cosmological B mode focus on ℓ ∼ 80 or larger [13] , so classical (i.e., ℓ ≫ 1) formulas are already useful as a start.
To determine the subsidiary terms, from (28), one can write 
The operator K defined by (19) and its eigenvalue N K now take on the exact values
consistent with the expression ∇ 2 (∇ 2 +2) in eqn. (9) in Ref. [19] . The formalism can be verified by constructing any tangential traceless symmetric tensor P on a sphere, and then (a) evaluating ϕ a,b by (22); (b) inverting K to obtain Φ a,b ; and then (c) recovering P by (21).
Global analysis
With global data, the standard mode expansion for scalar functions leads naturally to corresponding mode expansions for vector and tensor functions. The modal characteristics allow different contributions to the polarization (e.g., cosmological versus foreground contributions) to be disentangled.
Planar case
In the case of a plane, the scalar functions Φ a,b can be expanded in terms of plane waves
Then from (10) and (21), a vector field can be expressed in terms of dF k anddF k (vector planar harmonics), and a polarization field in terms of DF k andDF k (tensor planar harmonics). The straightforward derivation will not be shown, except to note that, acting on a plane wave,
, where φ is the direction of k, so
equivalent to eqn. (23) in Ref. [19] . Our approach is more accessible because the planar case is obtained on a stand-alone basis, and not as a limit of the spherical case. The polarization direction χ is given by tan 2χ = U/Q, and its relationship with φ follows trivially from (32).
Spherical case
On a sphere, the scalar functions can be expanded in spherical harmonics: 
where the prefactor in (35) is just (2N K ) −1/2 with N K given by (30). The vector spherical harmonics agree with well-known results [26] . The tensor harmonics start with ℓ = 2 because, from (30), D andD annihilate ℓ = 0, 1.
Discussion
The representation of linear polarization fields in terms of two scalar functions involves second-order derivatives and cannot be likened to gradient and curl in the conventional sense. Nevertheless, a simple analogy exists formally, as shown in the simplest case by (2) and (6) . The transcription of the formalism from a plane to the surface of a sphere is straightforward.
Vector and tensor fields on a sphere can be more neatly described using intrinsic coordinates (θ and φ). Nevertheless most physicists are more familiar with the cartesian representation (e.g., L x = yp z − zp y ). The present account has kept to the same spirit: embedding in 3-D space but enforcing tangential conditions. The vector and tensor spherical harmonics emerge naturally, without invoking the full apparatus of NewmanPenrose spin-s spherical harmonics [27, 28] .
In closing, it is useful to recall the steps in the data analysis. (a) The measured polarization P on a sphere is separated into two components, in some sense a generalization of Helmholtz's theorem: from a spin-1 field to a spin-2 field, and from a plane to a sphere -the main focus of the present pedagogical exposition. (b) With global data, each polarization component can be decomposed into modes labelled by (ℓ, m), as sketched in Section 4. (c) Finally model calculations (beyond the purpose of the present paper) would provide the different characteristics (in mode space, "map space" and frequency dependence) of the various dynamical contributions and thereby allow any cosmological contribution to the B mode to be isolated -which is the target of many experiments in progress.
The dual is defined asL = −n × L, withn on the left, to guarantee thatLΦ are tangential: n iLi Φ = 0.
To leading order X ij ≈ L i L j , Y ij ≈L iLj . These expressions when symmetrized
are not tangential. To fix this problem, we add correction terms that are (a) symmetric and (b) lower-order in L. The only possibility is a term proportional to
All terms in (A.1) contain an even number of cross products (when expressed in terms of position and momenta), so in (A.2) we have to useL and not L. The conditions n i X ij = n i Y ij = 0 determine the multiple of (A.2) to be added, giving the exact expressions in (29). A factor i appears in the subsidiary terms because L andL are imaginary. Any zero-order terms ∝ n i n j would not be tangential.
Similarly,
in which equality is maintained to the accuracy implied by ≈. Enforcing the tangential condition gives the result in (29). In this case, all terms have an odd number of cross products, so the subsidiary terms involve L but notL. The three operators X, Y and Z are by construction symmetric and tangential, and these properties are inherited by D andD. Moreover, tr X = tr Y = L 2 , tr Z = 0. Thus D andD are traceless. Further, −ǫ ijk n j (X km − Y km ) = Z im ; i.e.,D = ED as expected.
